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Dynamic Response of Inelastic Thick Plates
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The dynamic behavior of inelastic thick plates is investigated. A 36-degree-of-freedom rectangular finite
element, which includes shear deformation effects and adequately represents associated boundary conditions, is
developed. The accuracy of the element is established through comparison with available results for static
deflection and natural frequencies. The yield surface is considered as a function of in-plane and transverse shear
stresses. It is found that the contribution of the transverse shear stresses upon the plastic deformations is
relatively small. The response. of simply supported and clamped thick plates {0 impulse excitation is found and
the results are compared with those obtained from thin plate theory.

Introduction

LTHOUGH a considerable amount of research has been

carried out in the area of dynamic inelastic behavior of
structures in the past two decades, no work has been reported
concerning the response of thick plates. The theory of thick
plates or, more aptly, moderately thick plates, includes the
effects of shear deformation and rotary inertia and has ap-
plications where 1) the thickness is large, 2) analysis of stress
concentration around holes of the order of thickness is
required, and 3) higher modes dominate the response. So far,
most of the studies concerning the vibration of thick plates are
limited in scope to the evaluation of natural frequencies. !
Rock and Hinton*® studied the transient elastic response by
using a finite element based on the refined plate theory. No
study, however, has been reported on dynamic inelastic
behavior of thick plates.

In this paper, inelastic response of thick plates is studied by
using finite-element idealization in space, followed by
numerical integration of the equations of motion according to
an initial strain approach. A new rectangular finite element
based on Mindlin’s plate theory is developed for this purpose.

Finite Elements for Thick Plates

Several possible approaches to derive finite-element ex-
pressions for thick plates have been explored in the past.
Felippa® proposed a method in which the displacement field
consists of only the transverse deflection as in thin plates. In
this approach, the expressions for the moments are modified
to account for the transverse shear and, because of this, the
resulting element will not be a pure displacement model.
However, no element was derived by him along the proposed
lines. Pryor and Barker? developed a 20-degree-of-freedom
finite-element stiffness matrix by defining a displacement
field that consists of the transverse deflection and two shear
rotations. An isoparametric thick plate element was given by
Rock and Hinton.? This element has three independent
displacement fields defining the transverse deflection and the
two rotations, about the in-plane axes, of the normal to the
middle plane. Each displacement has a corresponding degree
of freedom at each of the eight nodes so that the element has
24 degrees-of-freedom in all.
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The element to be presented here is based on defining three
independent displacement fields, as in the case of Rock and
Hinton’s element. However, here each displacement is
defined in terms of three degrees-of-freedom at each node. In
this manner, the resulting element allows a better represen-
tation of the boundary conditions. The basis of the present
element is the Mindlin plate theory! in which lines normal to
the middle plane remain straight, but not necessarily normal,
after deformation. The displacement field { w} is defined as:

fwi=|w.¢,6,]7 M

where w_ is the transverse deflection of the middle plane and
q-Sy and ¢, are the rotations of the normal to the middle plane
about the y and x axes, respectively. Each of these is a func-
tion of the in-plane coordiantes x and y as:

(N] 0o 0 i,
fwj= | 0 [N|] 0 i @)
0 0 |NJ i

where #,,1,, and u; are the nodal displacement vectors that
define the three displacements w_, éy, and ¢,, respectively,
and | N| represents the phosen displacement functions. The
generalized strains are the curvatures c,,c,, and c,, and the
effective shear rotations 8, and 6,. These are given by

¢, =(86,/0x) (3a)
c,=(8¢,/9y) (3b)
€,y =(80,/8y+086,/8x) : Bc)
6= (3w, /3y —&,) (3d)
f,= (0w, /0x—$,) \ ' (3¢)

The strain-displacement relation is:

{e) =[Bl{u} G

where {e} is the vector of generalized strains and {u]} is the
nodal displacement vector consisting of {#,}, {#,}, and
{u;}. The strain-displacement matrix [B] is defined, using
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Egs. (3), as: and {4; )}, we substitute the rotary inertia term ph? /12, where
B p is the mass density of the material. The element mass matrix
0 LN 0 [m]is then given by:
0 0 LN, [ NTN ! 0 b0
Bl= | 0 AR ) L g2 ! A
[m]=ph Sz 0 | —NTN | 0 d4 (10)
NS -IN] 0 S SR I 7 M ]
i A2
LN ] 0 -INJ] ] 0, 0 NN
L ! 1 J

where the subscripts x and y represent differentiation with
respect to x and y, respectively.

The stress resultants that correspond to the generalized
strains are the the moments M,, M,, and M, and shear
resultants S, and S,. The generalized stresses {0} are defined
as:

{o}= |_Mx My Mxy S, Sy_J 4 6)

and the stress-strain relation-is given by:
{0} =[Dite) @)

where [D] is the elasticity matrix:

D, D, 0 0 0
D, D, 0 0 0
D= |0 0 D, 0 0 (8)
0 0 0 s, 0
K 0 0 0o S |
with
D, = 1-2——(?'_51)—2) D,=vD,, D, =w
and v
5= 34w

In these expressions, E and » are Young’s modulus and
Poisson’s ratio, 4 is the plate thickness, and « is the shear
coefficient for which a value of «=6/5, as suggested by
Reissner,” is assigned.

By using Egs. (5) and (6) and the usual procedure of finite-
element theory,®? the stiffness matrix [k] can be derived as:

1 2 3
I [NISN, | -NIS,N| =NIS,N ]
.. NID,N, | NID,N,
[k]:i 2 | -NTS,N,| +NID,N,! +NID;N, | da
rea 1 1
| +NTS,N |
A L
| | NID,N,
3 | =NTS,N,! NID,N, | +NID,N,
] | +NID,N,| +NTS;N |

In Eq. (9), the symbol | | for row vector is omitted for
simplicity, and the partitions 1, 2, and 3 refer to the degree of
freedom (&, }, {1, }, and {u; }, respectively.

The inertial terms corresponding to the three displacements
are uncoupled. From the general expression for mass matrix,?
the mass matrices corresponding to {#, }, {4, }, and {#; } can
be derived independently. In the elements referring to {4, }

Equations (9) and (10) are the generalized expressions for the
stiffness and mass matrices. From these, various finite
elements can be derived depending on the shape of the element
and the choice of the displacement functions | N] .

In the present paper, rectangular elements are used and
Hermitian interpolation functions!® for | N| are substituted.
The element has three degrees of freedom for each of the three
displacements at each node—36 degrees of freedom in all. The
degrees of freedom at each node are w_, dw,/3x, dw,/3y, ¢
36,/3x, 3,/3y, ., 3¢ ,/dx, 39,/dy.

The applicability of the present element was tested by
computing static deflections and natural frequencies of simply
supported plates for which results are available. A few of
these results are presented in Table 1. The stiffness and mass
matrices were generated on the computer by using numerical
quadrature. The static deflection given by the present element
is seen to be within 1% of the analyticNl result reported by
Salerno and Goldberg.!! Natural frequencies were computed
by taking four elements in each quarter of the plate. The
results are compared with those obtained by Rock and
Hinton,’ the Mindlin theory,? and the three-dimensional
theory by Srinivas et al.4 The results of the present element
are seen to agree well with the analytical results. Moreover,
the element is seen to be more accurate than the isoparametric
element of Rock and Hinton, particularly for higher modes.

For clamped plates, the present element will give more
accurate results than the element of Rock and Hinton, as the
former can satisfy zero deflection, bending slope, and twist
conditions

y?

aw, .
= ax T

3¢ . 089
9, =¢,= O =0(if the edge is
oy ax defined by y = constant)

The present element retains the distinction between the total
slope and the bending slope in defining the boundary con-
ditions, unlike in the case of Rock and Hinton’s element in
which the nodal degrees of freedom are the transverse
deflection and the two bending slopes.

Elastoplastic Response

The finite element developed in the previous section is used
to obtain the inelastic response of thick plates. The equations
of motion are written as:

[MI{U} +[K]{U} = (F) + S{AF, } an

where [M] and [K] are the assembled mass and stiffness
matrices and {U} and {F} are the vectors of nodal dis-
placements and forces, respectively. The vector {AF,} re-
presents the equivalent incremental nodal loads that account
for the plastic flow. The summation in Eq. (11) spans all the
time intervals up to the current one while evaluatin ~ the step-
by-step response. It can be shown that at any given time
step, 12

(AF,)= )] (AF,), (12)
J
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Table 1 Static deflections and natural frequencies of simply
supported thick square plates

Static deflections under uniform pressure p
Values of (8Eh” /pa?) for v=0.3

Present Analytical Thin
alh element result !! plate
10 0.0467 0.0463 0.0444
5 0.0546 — 0.0444

Natural frequencies
Values of w,,, (6h?/G) ** for v=0.3

Present Finite Mindlin  Three-dimensional
ath  m n element element®  theory? theory*
10 I 1 0.0934 0.0931 0.0930 0.0937
10 1 2 0.2200 0.2237 0.2218 0.2226
10 2 2 0.3499 0.3384 0.3402 0.3420
10 1 3 0.4078 0.4312 0.4144 0.4177
10 2 3 05372 0.5379 0.5197 0.5239
10 3 3 0.7325 0.7611 0.6821 0.6889
5 1 1 0.3405 0.3407 0.3402 0.3421
S 2 1 0.7412 0.7493 0.7431 0.7511
5 2 2 1.0780 1.0564 1.0735 1.0890
where
{AFI,}jzgv [B]F/T[D]{Aep}j-d vol (13)
J

Thus, the equivalent nodal load vector is obtained by
assembling the vectors over all the elements. In Eq. (13), V; is
the volume of the jth element, [B]; the strain-displacement
matrix, [Ae,}; the vector of plastic components of in-
cremental strains (a function of the spatial coordinates within
the element), and [D] the elasticity matrix. The evaluation of
incremental loads thus involves computation of the plastic
components of strain increments within each element as a
function of its spatial coordinates. Before proceeding to the
plastic analysis, the stress distribution across the thickness
and yield criterion are presented.

The stress field defined in Eq. (6) consists of generalized
values and is a function of the in-plane coordinates only.
According to Drucker,!? a unique yield criterion in terms of
moment and the transverse shear resultant does not exist. The
difficulty can be overcome by discarding the generalized
variables and by defining the elastic-plastic stress-strain
relation in terms of the unit stresses and strains, thereby
retaining the variation of stresses across the thickness also.
Across the depth, at any point, the stress field consists of
three in-plane stresses—o,, 0,, and o,,—and two transverse
shear stresses—o,, and o,.. The corresponding strains are e,,
€, €y €y and €. The elasticity matrix is given by:

1
v |1 Symmetric
(I—v)
D)= 0
(D] ] —? 2
1_
00 o U=
2
1_
0 0 0 o U®
2

(14)

The relation between the in-plane strains €,, €,, and €,, and
the curvatures ¢,, ¢,, and c,, is the same as in classical plate

DYNAMIC RESPONSE OF INELASTIC THICK PLATES 87

theory, that is
€x= —ZC,  €,= —ZC,  €,= —ZC,, (15)
where z is the distance measured from the middle plane. The

variation of transverse shear stresses o, and o, with z is
parabolic!* as:

3S, 4z?

GX:_§7<1——/12) (168)
38 4z?

o=y (=57 (165)

As the off-diagonal terms corresponding to these stresses in
the elasticity matrix [Eq. (14)] are zero, the transverse shear
strains will have a distribution given by:

_ 477

exz=r9x(1—h7) (173)
_ 4z?

€, =r0}, <1 - F) (17b)

where 6, and éy are the effective shear rotations and r is a
constant. The constant r is evaluated by energy balancing as

I h/2 1 _
z dz=-S.6 18
1 ouerdi= 35, (18)

By substituting Eqs. (16) and (17) in Eq. (18), one obtains
r=5/4 (19)

which is consistent with the shear coefficient, o =6/5, given
by Reissner.” Equation (17), along with the value of r given
by Eq. (19), is important as the incremental strains are ob-
tained from incremental nodal displacements before
proceeding with the plastic analysis.

Assuming the von Mises yield criterion to hold,

d({o))=[o2+02—0,0,+3(0%, 402, +02)]" >05 (20)
where o, is the yield stress in simple tension.
The gradient vector { V¢ } is given by:

! T
{vol= % | (26,—0,)(20,—0,)60,,60,.60,, | @n

The plastic analysis or the computation of plastic com-
ponents of strain increments is carried out by applying the
explicit elastoplastic strain matrix presented in Refs. 15 and
16. This matrix [D,,] gives the stress increments in terms of
the imposed strain changes in the inelastic region as:

{ao} =[D,,]{Ae} (22)

and has the general form given by:
1
D,1=[D])- I—J[D][ voilvel (D] 23)

where
P=A+{v¢}T[D]{Ve) 24

and A is a function of the strain-hardening parameter and is
equal to the slope of the universal stress-strain curve. The
matrix [D,,] is a function of the stress state and Eq. (22)
satisfies linearity in addition to normality and hardening law.
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Numerical studies indicate that it is sufficiently accurate to
evaluate [D,,] at stress values {g], given by the total strain
increments

{ol.={o} +{Ac},={o] +[D]{Ae]) (25)

where {o} is the initial stress state. It is also sufficient to
evaluate just the actual stress increments given by Egs. (22)
and (23). That is, the plastic components of strain need not be
calculated since Eq. (13) can be rewritten as:

{AFp}j=5Vj[B]I-T({Ao}e—{Aol)-d vol (26)

where the substitution
[DlfAe, } ={Ao}, ~{A0) 27)
is introduced.

Numerical Aspects

The inelastic response is found by numerically integrating
Eq. (11) and by modifying the last term on the right-hand side
of Eq. (11) at every step. For this purpose, a fourth-order
Runge-Kutta procedure due to Gill'” is made use of in the
present work. At every time-step, the incremental nodal
displacements are obtained and from these the strain in-
crements in each element can be evaluated. Assuming the
strain changes to be purely elastie, trial stress increments are
computed and the resulting stress state is checked for yielding.
For the points that have yielded, the stress increments are
modified using elastoplastic relations. The process is repeated
for all the analysis points in all the elements and,
simultaneously, the equivalent incremental nodal forces are
computed. Once the right-hand side of Eq. (11) is updated,
accelerations at the end of the current time-step can be ob-
tained using the equations of motion. Thus, we will have the
necessary parameters to proceed to the next time step. A more
complete description of the numerical procedure is given in
Ref. 12. The volume integral of Eq. (26) is evaluated by
numerical quadrature. Thus Eq. (26) is rewritten, for com-
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Fig. 1 Convergence characteristics of plates.
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putational purposes, as
(AF,},= )3 [B1L (A0}, —(Ad))-w, (28)
k=1

where n is the number of integration points and w; is the
weight associated with the kth integration point.

The convergence characteristics of the plate problem are
studied with respect to the mesh size (number of elements) and
the number of integration points. For studying the effect of
mesh size, one-quarter of a plate has been idealized with 1 X 1,
2x2,3x3, and 4 X 4 meshes and responses of a clamped plate
were found under impulsive and step-load conditions. In both
cases, the 3x3 mesh has been found to predict the peak
displacement within about 5% of the converged value (Fig.
la). The dependence of the response on the number of
depthwise integration points (N,) is shown in Fig. 1b. It is
seen that the peak displacement is almost insensitive to N, and
N, =3 appears to yield satisfactory results throughout the
range. As such, 2x2 X3 (length X breath X depth) integration
points are used for each element in the subsequent problems.
Inelastic responses of simply supported and clamped plates
subject to uniform pressure load and uniform impulse were
obtained. To estimate the contribution of transverse shear
effects, responses were also computed by using a thin plate
element presented by Bogner et al.'” The numerical procedure
remains the same except that the yield criterion for thin plates
is:

¢({o})=(0li+0l—0,0,+30%) " >q, 29)

and the elastoplastic matrix [D,,] is altered correspondingly.

As the check on the procedure, the response of clamped
rectangular plates to uniform impulse were computed and

0I5

\L— Jones [ IB]
B
5"X3"x0.246"

[eX[e]d \-/
A
Vo =2300 in/sec
005 A »ij—o_lir
Permaonent Set 8 1

E =11X10% (Aluminium}
O = 41400 psi
Ep=E/20
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t L

0 50 100 B0 200 250 300

t(p sec)
Fig.2 Response of a clamped rectangular plate to an impulse.
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006} /\ - dones (18]

=
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003t PR
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i L L A1 1
Y 50 100 150 200 . 250
t(p sec)
Fig.3 Response of a clamped rectangular plate.
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Fig. 4 Response of a simply supported thick plate, a/h = 10.

compared with the experimental value of permanent
deformation reported by Jones.'® These are presented in Figs.
2 and 3. In these problems, 16 elements (with 40 degrees of
freedom) were used in one-quarter of a plate and the time-step
size used was one-hundredth of the fundamental period. It
can be seen that the equilibrium positions predicted by the
present procedure agree well with the reported values.

Results

The response behavior of thick plates is presented in Figs.
4-8 in terms of the nondimensional parameters g (applied
pressure), & (central displacement), 8 (time), and A (impulse)
defined as:

! Vo y P T,

. 8
g==, b=——, 0=—, A=, V.=
q-9, T, V. 10m

P
Dy
Here p,é,t, and V, are, respectively, the applied pressure,
actual response, time, and initial velocity; p, is the static yield
load, that is, the minimum load at which the maximum value
of the moment reaches the fully plastic value, M, =o,4°/4; 6,
is the static deflection corresponding to p,; T, is the fun-
damental period; and m is the mass per unit area of the plate.
The reference velocity V, is equivalent to the load p, acting on
the plate over a duration (7, /10), and is given by:

V. =ko, /,}(—1—%

where k is a constant depending on the boundary conditions
and the aspect ratio of the plate. In the case of impulsive
loading, the nondimensional response is defined as:

§=6/(7s,)

Table 2 Reference input and response parameters

Serial
no. Description Py 3, T, k
1 Simply sup- M, P
ported square 3 0.00406¢, 0.576
plate of side a 0.048a 18.73
2 Clamped square M, ¢,
plate of side a 0.00126c, — 0.294
0.053a? 36
P 3
C,=py 02=27r02\/m/D D= L‘?
D 12(1—v?%)

S
0‘8' 7N
/ AY
/ \
/ \
\
\ -
06 \ 4 \
\ / \
\
\ /
A /
/
04t Y\ /
\ /
W\ =35
—Thick plate
021 —~=Thin plate
i 1 1 1 1 1 t
0 05 10 15 5 20

Fig. 6 Response of simply supported thick plate to impulse, a/h =85.

Table 2 contains the values of p,, 6,, T,, and k for simply
supported and clamped square plates. The time step-size used
in all the problems is 7,/100. These values are based on thin
plate theory.

The response behavior of simply supported thick square
plates is presented in Figs. 4-6 and the results are compared
with those obtained from thin plate theory. In these cases, 88
degrees of freedom (9 elements) were used. For a thickness
ratio (h/a) of 0.1, the effect of transverse shear is seen to
correspond to an increase about 8% in the peak elastoplastic
displacement. The influence of transverse shear on peak
elastic response is also of the same order. This observation is
seen to hold for other thickness ratios (Fig. 5).

It is seen from Fig. 6 that the influence of transverse shear is
significantly less when the loading is impulsive. For a
thickness ratio of 0.2 (a/h=35), the peak elastoplastic
displacement is higher by about 10% and 25%, respectively,
for impulsive and uniform step loading. The difference,
which is quite significant, is possibly due to the dependence of
response on the natural frequency. Inasmuch as the thick
plate has a larger fundamental period, the reference initial
velocity V, is higher when transverse shear effects are in-
cluded. Thus, for a given initial velocity V,, the non-
dimensional value will be smaller.

For clamped plates, the influence of transverse shear is seen
to be significantly higher (Fig. 7). For a thickness ratio of 0.1,
the effect of transverse shear is seen to increase the peak
displacement by over 30%. The static deflection computed for
the same plate with the present finite element showed an
increase of about 22% over that of a thin plate. As no results
are available concerning clamped thick plates, even for static
deflections, the present results could not be compared.
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Fig.8 Response of a clamped thick plate to an impulse, a/h =10.

Figure 7 also contains the response of the thick plate
computed by using a simplified yield criterion which does not
contain transverse stresses. It is seen that the contribution of
shear stresses is relatively less. This is predictable, since the
transverse shear stresses, due to parabolic distribution, will
have maximum values at the midddle plane where the in-plane
stresses are zero. The response behavior of an impulsively
loaded clamped plate (Fig. 8) is qualitatively in conformance
with the result discussed for a simply supported plate. In the
case of Figs. 7 and 8, the number of degrees of freedom used
was 80 (9 elements).

The results just presented are for a uniform pressure of
about (o0, /0.2) (h/a)?. This corresponds to a pressure of the
order of 1800 psi for a/h=10 and 7200 psi for a/h=35 for
mild steel with o, =36,000 psi. These values represent, ap-
proximately, the pressures necessary for the structure to yield.
In terms of displacements, the range of applicability of the
present analysis is quite high. For a/h=10, é, =0.03 4 for a
simply supported plate and still less for a clamped plate (for
mild steel with o, =36,000 psi and E=30x10% psi). For
a/h=35, 5,=0.0075 h. The dimensionless peak elastoplastic
response 1s 4.0 for a simply supported plate, that is, 0.12 A,
which is low enough not to introduce geometric nonlinearity.
If the applied pressure is about four times p,, the con-
sideration of geometric nonlinearity may become important;
but this pressure would be too high to be of any practical
significance.

Conclusions

1) For a given thickness ratio, the influence of transverse
shear on the peak elastoplastic displacement is maximized if
the applied load is a uniform step-function of time. For such
cases, the effect of transverse shear, in terms of percentage
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increase over that for thin plate, is of the same magnitude for
peak elastic response also. In other words, the ratio of peak
elastoplastic response to peak elastic response is independent
of the thickness ratio and is equal to that of a thin plate.

2) The contribution of transverse shear stresses on yielding
is relatively small.

3) From a practical viewpoint, the influence of transverse
shear is too significant to be disregarded in the case of
clamped plates.

Possible extensions of the present study include in-
vestigation of effects of stress concentration around holes of
the same order of the thicknesses. Also, response of plates
under asymmetric loading, where higher modes dominate, can
be analyzed.
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